We show that the BMN operators arise from the expansion of the Wilson loop in four-dimensional N = 4 super Yang-Mills theory. The Wilson loop we consider is obtained from "dimensional reduction" of ten-dimensional N = 1 super YangMills theory, and it contains six scalar fields as well as the gauge field. We expand the Wilson loop twice. First we expand it in powers of the fluctuations around a BPS loop configuration. Then we further expand each term in the result of the first step in powers of the scalar field Z associated with the BPS configuration. We find that each operator in this expansion with large number of Z is the BMN operator. The number of fluctuations corresponds to the number of impurities, and the phase factor of each BMN operator is supplied correctly. Our observation suggests the correspondence between the Wilson loop and the string field.
Introduction
The AdS/CFT correspondence [1, 2, 3, 4, 5] is a conjecture that there is an equivalence between type IIB superstring theory on AdS 5 × S 5 and four-dimensional N = 4 SU(N) super
Yang-Mills theory (SYM) on the boundary of AdS 5 . This correspondence was first proposed by Maldacena [1] , and a concrete holographic correspondence was given by [2, 3] . It has been intensively studied as a realization of large N duality between gauge theory and string theory. Until 2002, mainly the connections between supergravity modes and BPS operators in SYM had been investigated. However, in paper [6] the correspondence was extended to include certain class of excited string modes and non-BPS operators. In the string theory side, the authors of [6] considered the string states on the pp wave background, which is the Penrose limit of AdS 5 ×S 5 . On the other hand in the SYM side, they proposed certain class of operators with large R-charge as the counterpart of the pp wave string states. This is now known as the BMN correspondence and these non-BPS operators are called the BMN operators. Although the BMN correspondence is still between the limited class of string states and Yang-Mills operators, it is a strong support for the full correspondence between these two theories.
On the other hand there is still another interesting connection between SYM and string theory, or precisely, string field theory. This is a correspondence between Wilson loop operator and string field, and a correspondence between the equations of motion of the two. String theory was originally investigated as a theory describing the physics of hadrons, which is now known to be governed by QCD. And there were a lot of works in which they tried to derive the area law of the expectation value of the Wilson loop from its equation of motion (loop equation) [7] . The authors of these papers studied whether the loop equation can be identified with the string equation of Nambu-Goto type. Thus such an idea that there are some relations between the Wilson loop and Nambu-Goto type string is quite an old one. It is an interesting subject to reexamine this old idea from the view point of the AdS/CFT correspondence. In fact, there have been works which discuss the expectation value of the Wilson loop in the context of the AdS/CFT correspondence and the loop equation [8, 9, 10] .
The purpose of this paper is to show that the BMN operators are found in the Wilson loop operator in SYM.
1 Our Wilson loop is the one obtained from "dimensional reduction" of ten-dimensional N = 1 SYM, and it consists of the six scalar fields as well as the gauge field. Therefore, our loop is a "loop in ten-dimensional spacetime". We expand this Wilson loop operator twice. First we expand it in powers of the loop fluctuation around the BPS configuration which is a point in four dimensions and a straight-line in extra six dimensions. Next we further expand each term of the first step in powers of the scalar field Z associated with the straight-line of the BPS configuration. We find that the operator in our double expansion which contains m loop fluctuations and large number J of the scalar field Z is string states nothing but the BMN operator with m impurities and its R-charge equal to J. Our finding here must be an important step toward the understanding of the relation between the Wilson loop and string field. This paper is organized as follows. In sec. 2 we briefly review the BMN correspondence. In sec. 3 we perform the double expansion we mentioned above. Then we show how the BMN operators with two or less impurities arise in the expansion using the dilute gas assumption. Sec. 4 is devoted to the conclusion and discussion. In appendix A we show that the argument given in sec. 3 can be generalized to the case with m impurities, and in appendix B we relax the dilute gas assumption used in sec. 3 and appendix A.
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BMN correspondence
Before discussing how the BMN operators arise in the Wilson loop, we shall recapitulate the BMN correspondence [6] . This correspondence claims that the anomalous dimension of each BMN operator coincides with the lightcone energy of the corresponding string state propagating on the pp wave background. The BMN operators are certain class of local operators in N = 4 SU(N) SYM in four dimensions, and the pp wave background is realized by taking the , 4) and O 4+a = Φ a (a = 1, . . . , 4) with Φ i (i = 1, . . . , 6) being the six scalar fields in SYM. Each operator on the RHS has a large number J(∼ √ N ) of Z with some finite number of impurities O M being inserted with an appropriate phase factor. Summation is taken over the positions of impurities. In particular, the summation over σ is with respect to the permutations of {2, 3, . . . , m}.
BMN operators from the expansion of Wilson loop
Let us consider the Wilson loop operator consisting of the scalar fields Φ i as well as the gauge fields A µ [8, 9, 10] :
The existence of the scalar fields in the Wilson loop looks natural if we recall that the fourdimensional N = 4 SYM is obtained as a dimensional reduction of ten-dimensional N = 1 SYM. The scalar fields are essential for reproducing the BMN operators and also for deriving the loop equations (see sec. 4). 2 As the loop C we take C = C 0 + δC with a BPS "loop" configuration C 0 given by
and a small fluctuation
, and hence we take x µ (s) andẏ i (s) to be periodic functions of s. This means that our Wilson "loop" is not necessarily closed in the direction of y i , but this dose not spoil the gauge invariance of this operator. Therefore, we take δx µ (s) and δẏ i (s) as periodic functions:
Note in particular thatẏ i and δẏ i have zero modes. We Taylor-expand the Wilson loop
Let us look at each term in this expansion in detail. The first term W (C 0 ) is given by
where we have used thatẋ µ (s) = 0 and Φ i (x(s))ẏ i (s) = Z(x) on the path C 0 . Note that there appear the BMN operator Tr Z(x) J corresponding to the ground state of a pp wave string (see table 1 ). Next we examine the terms which contain one functional derivative. For this, we use the following formula of functional derivatives:
where w t s (C) represents, as in eq. (1), the Wilson line along C from s to t without trace. Then we have
The s-integration yields the Kronecker delta δ n,0 , which picks up only the zero mode, namely the SUGRA mode, from the summation over n. The SUGRA modes in the other directions are supplied from functional derivatives with respect toẏ i (s):
From these results, we expect the following correspondence between the functional derivatives and the oscillation modes of pp wave string (see table 1 ):
Next we shall study whether higher string modes can be derived in the same manner. For this purpose we consider the terms which contain two functional derivatives in the expansion (5) of the Wilson loop. Here we use the dilute gas approximation and assume that the parameters s 1 and s 2 of the two functional derivatives are not close to each other. In particular, we omit the contribution from the term proportional to δ(s 1 − s 2 ) and ∂ s 1 δ(s 1 − s 2 ). With this approximation, the following replacement formulas similar to (7) and (8) hold:
Thus we must consider terms of the following form:
By adopting the new integration variables (s 1 ,s 2 ) = (s 1 , s 2 − s 1 ), the integration overs 1 can be performed to yield the Kronecker delta δ n 1 +n 2 ,0 , and (15) is further rewritten into
In the large J limit, the integration overs 2 can be evaluated using the saddle point approximation:
where we have used Stirling's formula, i.e., n! ∼ √ 2πn n n e −n (n ≫ 1), for the front factor. The saddle point in the integration (17) is ats 2 = k 2 /J. Finally we can evaluate the operators in the J-summation of (16) for a large J limit as
This is nothing but the BMN operator with two impurities given in table 1. As seen from the above derivation, the expression (18) may be incorrect in the region where k 2 /J is closed to SYM side string side (2) . The number of impurities in each BMN operator corresponds to the number of functional derivatives which act on the Wilson loop. In appendix A we show that the BMN operators with more impurities can be identified in the same manner. These identifications strongly suggest that we can reinterpret the BMN correspondence, and moreover the full AdS/CFT correspondence, as the relation between a string and a Wilson loop. Further discussion including the relation between the equations of motion of these dynamical variables will be given in next concluding section.
Conclusion and discussion
In this paper we clarified how the BMN operators are embedded in the Wilson loop operator in four-dimensional N = 4 SYM. First we expanded the Wilson loop in powers of the fluctuations around the BPS configuration (2). Then we further expanded each term in this series in powers of the scalar field Z. We saw that the operators with large number of Z in this expansion are nothing but the BMN operators (see (6) , (9), (10) and (33)- (35)). The nontrivial phase factors in the BMN operators appear in a natural way from the mode functions e 2πins for the fluctuations of the loop, (3) and (4) . The number of the impurities in the BMN operator coincides with the power of the fluctuations, which is equal to the number of functional derivatives operating the Wilson loop. Using this identification we can reinterpret the BMN correspondence as the relation between the fluctuation modes of the Wilson loop and those of the string. This correspondence is summarized in table 2.
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The correspondence in table 2 connects only the narrow sectors in both of these two theories, SYM and string theory. In the string side the spacetime geometry is the pp wave which is the Penrose limit of AdS 5 ×S 5 . On the other hand, in the SYM side the corresponding local operators in the expansion of the Wilson loop are limited to those containing a large number of scalar fields Z. However, we expect that there is a full correspondence between the Wilson loop operator in four-dimensional N = 4 SYM and the type IIB superstring field on the AdS 5 × S 5 background. Furthermore we expect that there is a correspondence between the equations of motion which these dynamical variables obey. In the following, we shall discuss these points more concretely. First consider the expansion of the Wilson loop in powers of the fluctuations:
where δX is one of the fluctuations {δx µ , δy i }, and the operators O {M,n} (x) are written in terms of local fields in SYM. On the other hand, the string field Ψ[X = X 0 + δX] which is a functional of the fluctuation δX(σ) around the zero-mode X 0 can be expanded in terms of spacetime component fields as
where a M † n are the creation operators in the Hilbert space of the first quantized string, and ψ {M,n} (X 0 ) are the component fields. Note that δX a
Mm † nm ground state on the RHS of (20), namely, the wave function of the string state in the δX M n -diagonal representation, is roughly equal to δX 
Our analysis sec. 3 supports this correspondence in the pp wave limit, and we expect that the full AdS 5 × S 5 version of the correspondence does exist.
Next let us discuss the equations of motion. The equation of motion of string field on the curved geometry G M N should be given by (22) and we expect that the Wilson loop W (C) (by multiplied the Gaussian like function mentioned above) satisfies the same equation as (22). In fact, it has been known that the Wilson loop operator is subject to the loop equation which resembles (22) [7] . 6 The starting point of the loop equation is the following formula for the second functional derivative of W (C):
An interesting connection between the IIB matrix model and the string field theory is also discussed in [13] .
+ (terms with
We want to derive from (23) an equation for W (C) which is equivalent to (22). This would be possible if the equation like
is realized in some sense for the AdS 5 × S 5 metric (a modification due to the Gaussian like function is necessary). The last delta function terms of (23) is expected to contribute the interaction terms. Further investigation on this subject is necessary.
A Multi-impurities
In this appendix we present the calculation of the general terms in the Taylor expansion of the Wilson loop operator. Neglecting the contribution from the coincident s configurations, the term containing m functional derivatives is given by the sum of the following type of operators over the permutation of
Repeating the same steps as in sec. 3, we can rewrite it as
where F m is defined by 
with k 1 ≡ 0 and 1 r=2s r = 0. The new integration variables with tilde ares q = s q − s q−1 (q = 2, . . . , m). We carry out thes-integrations in the large (k q − k q−1 )/J and 1 − k m /J limit by using the saddle point approximation as we did in sec. 3. The saddle point is at s q = (k q − k q−1 )/J, and we obtain
As we noted in sec. 3, this expression is valid only in the region of k q where none of (k q −k q−1 )/J nor 1 − k m /J is close to zero, in other words, in the region where the impurities are well separated from each other. We show in appendix B that the expression (28) is in fact justifiable also when two of k q are close together. Using (28), we find that the large J limit of the operators in the J-summation of (26) is given by
Summing over the permutations of {O M 2 , O M 3 , · · · , O Mm }, we obtain the BMN operator given in table 1 for a general m.
B Beyond the dilute gas approximation
In sec. 3 and appendix A, we gave analyses using the dilute gas assumption, the implication of which is twofold. One is that, because we have used the saddle point method, the validity of the expressions (17) and (28) is limited only to the region where none of (k q − k q−1 )/J nor 1 − k m /J is close to zero. Another is that we have omitted the contribution of the terms which arise when two or more functional derivatives act at the same point on the Wilson loop. However, we can show that the first restriction that the impurities must be well separated can in fact be relaxed; (28) is valid also in the case where two of the m impurities come close to each other. In this appendix we show this in the case m = 2. Generalization to an arbitrary m is straightforward. We also give the BMN operators including the contribution from the coincident functional derivatives. Let us consider F 2 (n 2 , k 2 , J) given by (27) with m = 2 in the case of 1 − k 2 /J ∼ 0 (the other case of k 2 /J ∼ 0 can be treated quite similarly). Taylor-expanding the phase factor in
where B(a, b) = Γ(a)Γ(b)/Γ(a + b) is the beta function. Then we obtain the expansion of F 2 (n 2 , k 2 , J) in powers of 1/J as follows (note that k 2 /J = O(1) in the present case):
The first term in the last line of (31) agrees with (28) with m = 2, and the next 1/J term is multiplied by a finite function of k 2 /J. In the other case of k 2 /J ∼ 0, we obtain exactly the same expression as (31) by starting with the expansion e
Eq. (31) shows that, so long as J is large, (18) is valid even when the two impurities are close to each other. By the same argument we can validate (28) for the case in which two of the m impurities come close to each other. Finally we present the "complete form" of the BMN operators coming from two functional derivatives including the contributions of the terms with δ(s 1 − s 2 ) or δ ′ (s 1 − s 2 ) which we neglected in sec. 3 and appendix A. Two functional derivatives with respect to x µ (s 1 ) and x ν (s 2 ) operating the Wilson loop is given by
with θ(s) = 1 (= 0) for s > 0 (s < 0), and Tr D µ ZZ k 2 D ν ZZ J−2−k 2 F 2 (n 2 , k 2 , J − 2) 
The two terms on the third line of (33) are the contribution of the δ(s 1 − s 2 ) and ∂ s 1 δ(s 1 − s 2 ) terms in (32). The last expressions of (33), (34) and (35) have been obtained by taking only the leading term e 2πin 2 k 2 /J /JJ! of F 2 (31) and dropping the terms from δ(s 1 − s 2 ) and ∂ s 1 δ(s 1 − s 2 ). A generalization of the BMN operators to finite J is discussed in [14] using conformal supersymmetry argument. Our operators with the original F 2 (n 2 , k 2 , J) (30) without approximation differ from the ones given there for finite J. It is interesting to refine our finding using similar symmetry argument.
